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On Fibonacci right-angled triangles
By
Makoto Ishibashi and Masanori Koˆzaki
Abstract: We introduce a sequence of Fibonacci right-angled triangles associated
with a generalized Fibonacci sequence and prove, for a given positive integer k,
there exist a generalized Fibonacci sequence fn such that α2n = α2n+1 + α2n+2
holds for the angles αn defined by tanαn = k/fn, 0 < αn < pi/2. By considering
the Pell’s type equation x2 − 5y2 = ±4k2, we also determine all the solutions to
α2n = α2n+1 + α2n+2 by generalized Fibonacci sequences.
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1 Introduction
For positive integers a < b < c, let the angles 0 < α, β, γ < pi/2 defined by
tanα = 1/a, tan β = 1/b, tan γ = 1/c.
More than 30 years ago, Goggins[1] noted that α = β + γ holds for the triples (a, b, c) =
(u2n, u2n+1, u2n+2), where un (n ≥ 1) denotes the Fibonacci sequence defined by un+2 =
un + un+1, u1 = 1, u2 = 1. Nakamura(cf.[2]) also showed the same fact independently.
Their proofs depend on the recurrence relation u22n + 1 = u2n−1u2n+1 or Binet’s formula
un =
1√
5
(sn − tn), where s = 1 +
√
5
2
, t =
1−√5
2
,
but we couldn’t see from their proofs why the triple starts from the Fibonacci number with
even suffix. It is well known that the integer solutions to Pell’s type equation x2−5y2 = ±4
generate the Fibonacci sequence, however the both topics are independent of each other.
In this paper, we show that Nakamura’s observation together with the addition formula
for tangent function naturally leads us to the equations x2−5y2 = ±4k2 and give a better
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explanation to this interesting property from the point of view of the arithmetic of the
quadratic field Q(
√
5). In section 2, we relate their results to a certain type of Pell’s
equation and generalize their results to generalized Fibonacci sequences, and in section 3,
we give more precise results by using ideal theory. In section 4, we give some numerical
examples as a consequence of the polynomial solutions to the equation x2 − 5y2 = 4k2
appeared in Theorem 1.
2 Generalization
Let fn = fn(p, q), n ≥ 1 be a generalized Fibonacci sequence defined by the recurrence
relation fn+2 = fn + fn+1, f1 = p > 0, f2 = q > 0. Associate with a sequence fn, we
consider a sequence of the right-angled triangles whose lengths of two sides adjacent to
the right angle are k and fn. Let αn be the angle opposite to the side of length k of this
triangle i.e. tanαn = k/fn. In general, for a fixed integer k, whether the sequence αn has
a property α2n = α2n+1 + α2n+2 or not depends on a choice of initial values p, q for fn.
If the sequences of the above mentioned right-angled triangles have this property we call
them the sequences of Fibonacci right-angled triangles for k.
O f2n f2n+1 f2n+2
α2n α2n+1 α2n+2
fm
αm
k
Now we have
Theorem 1 For any positive integer k, there exist generalized Fibonacci sequences
fn(p, q) (n ≥ 1) which generate the triples of angles (α2n, α2n+1, α2n+2) such that α2n =
α2n+1 + α2n+2 holds.
proof. From the addition formula for tangent, αn = αn+1 + αn+2 is equivalent to
k
fn
=
(
k
fn+1
+
k
fn+2
)/(
1− k
2
fn+1fn+2
)
.
We may rewrite the above equality as
f 2n+2 − fn+1fn+2 − f 2n+1 + k2 = 0, fn+2 = fn + fn+1. (1)
From (1) we have
fn+2 =
1
2
(
fn+1 +
√
5f 2n+1 − 4k2
)
, fn+1 =
1
2
(
−fn+2 +
√
5f 2n+2 + 4k
2
)
. (2)
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Equivalently,
r2n+1 − 5f 2n+1 = −4k2, rn+1 = 2fn+2 − fn+1, (3)
r2n+2 − 5f 2n+2 = 4k2, rn+2 = 2fn+1 + fn+2. (4)
We note that (3) and the second equality of (4) imply the first equality of (4) and fn+2 =
fn+fn+1. Hence, if we take a initial value f1 = p as a positive integer solution to equation
x2 − 5y2 = −4k2, and recursively determine a sequence fn, n ≥ 1 by (3) and (4), then
(r2n, f2n), (r2n−1, f2n−1) satisfy x2 − 5y2 = 4k2 and x2 − 5y2 = −4k2 respectively. We
discuss the existence of the solutions in the next section. Now (f2n, f2n+1, f2n+2) with (1)
insure that α2n = α2n+1 + α2n+2. Thus our theorem has proved.
3 Non-trivial solutions
In this section we are concerned with the non-trivial integer solutions to the equations
x2 − 5y2 = ±4k2. Let K = Q(√5) be a real quadratic field over rational number field
Q, OK the ring of algebraic integers in K, (α) the ideal αOK generated by an element α
in OK and NA, NK/Q(α) denote the norm of a ideal A, the norm of an element α in OK
respectively. We will need the following basic facts(see [3], [4], [5]).
Lemma 1 We have a prime ideal decomposition of p in OK as following :
1. p splits : (p) = PP ′ with NP = NP ′ = p if p ≡ 1, 4 (mod 5),
2. p is inert : (p) = P with NP = p2 if p ≡ 2, 3 (mod 5) ,
3. p ramifies : (5) = P 2 with NP = 5,
where P is a prime ideal over rational prime p and P ′(6= P ) the algebraic conjugate of P .
Lemma 2 The Fibonacci sequence un and the Lucas sequence νn give all the integer
solutions to x2 − 5y2 = ±4 i.e. (±νn)2 − 5(±un)2 = (−1)n4, n ≥ 0, where un = fn(1, 1),
u0 = 0 and νn = fn(1, 3), ν0 = 2. Further (±νn ± un
√
5)/2, n ≥ 0 give all the units in
OK, where ± are taken arbitrarily, and 2−n(1 +
√
5)n = (νn + un
√
5)/2 holds for n ≥ 0.
We call (±kνn,±kun) a trivial solution to x2 − 5y2 = ±4k2 and the solution satisfying
(|x|, |y|, k) < k a non-trivial solution, where (|x|, |y|, k) denotes the greatest common
divisor of integers |x|, |y|, k.
Theorem 2 The equations (∗) : x2 − 5y2 = ±4k2 always have integer solutions. More
precisely, x2n − 5y2n = (−1)n4k2 holds for
(xn, yn) = k1
(±ανn ± 5βun
2
,
±αun ± βνn
2
)
, n ≥ 0, (5)
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where ± are taken arbitrarily, k1 is a divisor of k and α, β are arbitrary integers satisfying
N((α+ β
√
5)/2) = (k/k1)
2, and α ≡ β (mod 2).
In particular, if k has no prime factor congruent to 1, 4 (mod 5), there are no solutions
but trivial ones.
proof. To solve the equation (∗) it suffices to determine the ideal J = ((x+ y√5)/2) such
that NJ = k2. Note that ideals in OK are always principal and written in a form as above
with integers x ≡ y (mod 2)(cf.[4]). From Lemma 1, such a ideal J has the prime ideal
decomposition of the form
J = P 2eP e11 P
e2
2 · · · (Q1Q′1)g1(Q2Q′2)g2 · · ·R2h11 R2h22 · · · ,
where P , Pi and Qj, Rl = Ql or Q
′
l, l 6= j(i, j, l = 1, 2, · · · ) are the prime ideals with
(5) = P 2, (pi) = Pi, (qj) = QjQ
′
j ((ql) = QlQ
′
l) for k = 5
epe11 p
e2
2 · · · qgjj · · · qhll · · · .
Since OK is a principal ideal domain, we can write J as
J = (k1)((α+ β
√
5)/2),
where (k1) = P
2eP e11 P
e2
2 · · · (Q1Q′1)g1(Q2Q′2)g2 · · · , ((α± β
√
5)/2) = R2h11 R
2h2
2 · · · .
J is uniquely determined up to the multiple of the units in OK , so from Lemma 2, all
the solutions for NJ = k2, J = ((xn + yn
√
5)/2) are given by
xn + yn
√
5
2
= k1
α± β√5
2
· ±νn ± un
√
5
2
, n ≥ 0. (6)
The ±sign in (∗) comes from NK/Q((νn + un
√
5)/2) = (−1)n. Thus we have proved our
formula.
It is easy to see from the above argument that if k has no prime factor which splits in
Q(
√
5), then J = (k) = k((±νn ± un
√
5)/2). This imply the latter half of our assertion.
Corollary 1 Let (xn, yn), n ≥ 0 be positive integer solutions to the equation (∗). Then
the right-angled triangles formed from the triples (y2n, y2n+1, y2y+2), n ≥ 0 in a way as
we stated in the beginning of this section, are the sequence of the Fibonacci right-angled
triangles.
proof. It is possible to choose α, β positive in (6) as the smallest positive integer solution
to x2− 5y2 = (k/k1)2 and thus we obtain the sequence of positive integer solutions to (∗)
satisfying (3) and (4) from (6) by taking a unit suitably. Now, the assertion follows from
Theorem 1.
Corollary 2 Let k = 5epe11 p
e2
2 · · · perr qt11 qt22 · · · qtmm be a prime decomposition of k, where
pi(1 ≤ i ≤ r) and qj(1 ≤ j ≤ m) are the prime factors which are inert and split in
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Q(
√
5), respectively. Then, the number of positive integer solutions by sequences (xn, yn)
to the equation (∗) for k is
m∏
j=1
(2tj + 1).
proof. We must count the number of ideal solutions to the equation NJ = k2. From
Lemma 1, it suffices to consider the prime ideals over the rational primes qj(1 ≤ j ≤ m)
which split in k. Since
N(Q
2tj
j ) = N(Q
2tj−1
j Q
′
j) = N(Q
2tj−2
j Q
′2
j ) = · · · = N(Q′2tjj ) = q2tjj
for 1 ≤ j ≤ m, the assertion follows immediately. Note that the pair of algebraic conjugate
(α+ β
√
5)/2 and (α− β√5)/2 in (6) yields different sequences respectively.
4 Numerical examples
Let NJ = k2 with J = ((x+ y
√
5)/2), k ≥ 1. If x, y, k has no common factor, Lemma 1
and Theorem 2 imply that there exists a ideal B such that J = B2 i.e.
x+ y
√
5
2
= ε
(
m+ n
√
5
2
)2
, ε : unit in OK ,
where x, y, m, n are integers satisfying x ≡ y (mod 2) and m ≡ n (mod 2).
Taking ε = 1, we have
x =
m2 + 5n2
2
, y = mn, k =
∣∣∣m2 − 5n2
4
∣∣∣, (7)
for polynomial solution to x2 − 5y2 = 4k2. If (7) gives the least positive integer solution,
then let
f0 = mn, f1 =
5n2 + 2mn+m2
4
, f2 =
5n2 + 6mn+m2
4
.
Note that r0 = (m
2 + 5n2)/2, f1 = (r0 + f0)/2, f2 = f0 + f1 from (3) and (4). Hereafter
we renumber the suffix of rn and fn in Theorem 1 as f2 be the first term f0. We give
some numerical examples below.
1. The case k = 11. (m,n) = (1, 3) gives (k; f0, f1, f2) = (11; 3, 13, 16) and
J1 =
(
23 + 3
√
5
2
)
=
(
1 + 3
√
5
2
)2
, NJ1 = 11
2.
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Then, by Cor.1,
(rn, fn) =
(
23νn + 15un
2
,
23un + 3νn
2
)
, n ≥ 0. (8)
Since (1−3√5)/2 ·(−1)(1+√5)/2 = (7+√5)/2, the conjugate of J1 gives (m,n) = (7, 1),
(k; f0, f1, f2) = (11; 7, 17, 24) and
J2 =
(
27 + 7
√
5
2
)
=
(
7 +
√
5
2
)2
, NJ2 = 11
2.
(rn, fn) =
(
27νn + 35un
2
,
27un + 7νn
2
)
, n ≥ 0. (9)
These are the non-trivial positive integer solutions to (∗) for k = 11, and (f2n, f2n+1, f2n+2)
give a sequence of the Fibonacci right-angled triangles. From Cor.2, we see that there are
three solutions by sequence in this case, the last one is the trivial solution 11(νn+2, un+2).
2. The case k = 19. (m,n) = (2, 4) gives (k; f0, f1, f2) = (19; 8, 25, 33) and
J3 =
(
21 + 4
√
5
)
= (1 + 2
√
5)2, NJ3 = 19
2,
(rn, fn) = (21νn + 20un, 21un + 4νn) , n ≥ 0. (10)
Similarly as example 1, (1 − 2√5) · (−1)(1 +√5)/2 = (9 +√5)/2 gives (m,n) = (9, 1),
(k; f0, f1, f2) = (19; 9, 26, 35),
J4 =
(
43 + 9
√
5
)
= (9 +
√
5)2, NJ4 = 19
2,
(rn, fn) =
(
43νn + 45un
2
,
43un + 9νn
2
)
, n ≥ 0, (11)
and 19 · (νn+2, un+2) is the rest one of three solutions.
3. The case k = 11 · 19. From examples 1, 2 and Lemma 1, we have ideal decomposi-
tions (11) = QQ′, (19) = RR′, where Q = ((1+ 3
√
5)/2), R = (1+ 2
√
5). Then QR gives
(m,n) = (31, 5), (k; f0, f1, f2) = (11 · 19; 155, 349, 504),
J5 =
(
543 + 155
√
5
2
)
=
(
31 + 5
√
5
2
)2
, NJ5 = (11 · 19)2,
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Q′R(−1) gives (m,n) = (29, 1), (k; f0, f1, f2) = (11 · 19; 29, 226, 255),
J6 =
(
423 + 29
√
5
2
)
=
(
29 +
√
5
2
)2
, NJ6 = (11 · 19)2,
QR′((−1−√5)/2) gives (m,n) = (12, 14), (k; f0, f1, f2) = (11 · 19; 168, 365, 533),
J7 = (281 + 84
√
5) = (6 + 7
√
5)2, NJ7 = (11 · 19)2,
Q′R′((1 +
√
5)/2) gives (m,n) = (3, 13), (k; f0, f1, f2) = (11 · 19; 39, 233, 272),
J8 =
(
427 + 39
√
5
2
)
=
(
13 + 3
√
5
2
)2
, NJ8 = (11 · 19)2.
Now Cor.2 shows that there are nine solutions in this case. From the ideal J5, J6, J7,
J8, (19)J1, (19)J2, (11)J3, (11)J4, and (11)(19) we obtain all the solutions to (∗) for
k = 209 = 11 · 19 :
(rn, fn) =

((543νn + 775un)/2, (543un + 155νn)/2) ,
((423νn + 145un)/2, (423un + 29νn)/2) ,
(281νn + 420un, 281un + 84νn),
((427νn + 195un)/2, (427un + 39νn)/2) ,
19 ((23νn + 15un)/2, (23un + 3νn)/2) ,
19 ((27νn + 35un)/2, (27un + 7νn)/2) ,
11(21νn + 20un, 21un + 4νn),
11 ((43νn + 45un)/2, (43un + 9νn)/2) ,
209(νn+2, un+2),
for n ≥ 0.
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